A number of recent controversial experiments have observed anomalous thrust forces with devices making use of electromagnetic fields, and which do not appear to emit any particles or radiation; in apparent violation of the principle of the conservation of momentum. This has led to proposals that the measured forces are being produced due to an interaction between the applied electromagnetic fields of the device, and virtual particles/anti-particles of the quantum vacuum. Using an argument based on Lorentz invariance, as well as a formal quantum field theoretic calculation, we investigate the feasibility of these proposals. We find that both the vacuum expectation value of the linear momentum operator (the zero-point momentum), as well as the conserved current, are both exactly zero; the quantum vacuum does not appear to be a viable reaction medium with which to generate thrust. * Electronic address: trevor.lafleur@lpp.polytechnique.fr
I. INTRODUCTION
The quantum vacuum is well known to produce many striking and unexpected phenomena, including pair production, the Casimir effect, and vacuum polarization [1] [2] [3] . These phenomena have no classical analogues, and are vital in understanding a number of physically measurable effects, such as the difference in the 2 S 1/2 and 2 P 1/2 energy levels of the hydrogen atom (the Lamb shift), and the anomalous magnetic dipole moment of the electron [1] . Pair production is also thought to play an important role in a number of cosmological processes (such as black hole decay [4, 5] ), as well as in some heavy ion collisions [6, 7] . Application of a very high strength electric field can result in vacuum breakdown where particle/antiparticle pairs are physically created from the vacuum (hence the term pair production).
While the critical electric field strengths needed to initiate this vacuum breakdown have not yet been achieved experimentally, high powered laser experiments are expected to reach the needed levels in the near future [8] . Nevertheless, pair production has a strong theoretical foundation in quantum field theory (QFT), and was first predicted by Schwinger more than 60 years ago [9] . Since then, this phenomena has been studied extensively by many authors, with generalizations made to include different external electric and magnetic field configurations, as well as spatial and temporal variations of these configurations [8, [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] .
Another important phenomenon that has become synonymous with the quantum vacuum is the Casimir effect [1] . Here two parallel plates placed in very close proximity are observed to experience an attractive force. This effect, first predicted by Casimir [20] , has been verified in a number of independent experiments [21, 22] (often to a very high precision).
Like pair production, the Casimir effect has also been well studied theoretically, both for electromagnetic and massive (scalar and spinor) quantum fields [1] , cylindrical and spherical geometries [23] [24] [25] [26] [27] , and vacuums in the presence of external applied electromagnetic fields [28, 29] . The standard explanation [1] for this phenomenon is that only quantum vacuum modes that satisfy the boundary conditions imposed by the presence of the two plates can exist in the region between the plates, whereas outside of this region, all modes can exist. This leads to a reduction in the zero-point energy of the vacuum between the plates compared with that outside, which results in an inwards pressure force exerted on the plates.
The Casimir effect is special in that it demonstrates that energy can be extracted from the vacuum (the inwards motion of the plates can be made to do work). However, the plates move in opposite directions, so no net momentum is extracted.
The extraction of a net momentum from the vacuum has been proposed by Feigel [30] as a new quantum phenomenon that contributes to the momentum of dielectric media. Here a dielectric material, in the presence of crossed external electric and magnetic fields, is observed to undergo motion due to momentum transfer from high frequency vacuum modes. In such a situation the counter-propagating vacuum modes no longer eliminate each other (as they usually do in non-interacting quantum fields), and the vacuum fields gain a finite momentum which is compensated for by the opposite motion of the material. For realistic dielectric materials, the effect has however been predicated to very small (producing material velocities of the order of 50 nm/s), even in the presence of high strength electric (10 5 V/m) and magnetic fields (17 T). The Feigel phenomenon has so far not been verified experimentally, and remains controversial with a number of theoretical points disputed [31] [32] [33] [34] . Further work by van Tiggelen et al [35] has argued that the result of Feigel is not invariant under a Lorentz transformation, and predicts no momentum transfer in homogenous materials when Lorentz invariance is addressed. A small momentum transfer is however predicated for a squeezed vacuum (that is, for a vacuum located between two parallel plates similar to the Casimir geometry) in the presence of crossed electric and magnetic fields. This effect is calculated to be immeasurably small though (producing material velocities of the order of 10 −17 nm/s), and has also been challenged theoretically [36, 37] .
A different mechanism to extract momentum from the quantum vacuum has recently been postulated [38, 39] to explain the results of a number of controversial thruster experiments [38] [39] [40] [41] . These experiments typically consist of a device using some electromagnetic field configuration, and which does not apparently emit any particles or radiation. If correct, such propellantless thrusters would violate the principle of the conservation of momentum. It has been proposed that the results might be explained as an interaction of the thruster electric and magnetic fields with virtual particles of the quantum vacuum to generate a net thrust force [38, 39] . Here virtual particles/anti-particles are viewed as experiencing a net drift in the E×B direction, where, E and B are the applied electric and magnetic fields respectively.
These experiments still remain unverified however, and so far no rigorous theory supporting (or disputing) the justification of these proposals has been presented. They nevertheless pose an interesting question: can the quantum vacuum be used as a reaction medium? In this paper we perform a field theoretic calculation of a quantum field interacting with external electric and magnetic fields, and explicitly investigate the possibility of using the quantum vacuum as a reaction medium with which to generate a net thrust force as these recent proposals have suggested.
II. THEORETICAL MODEL
Consider a system with uniform, homogenous, electric, E, and magnetic, B, fields.
Without loss of generality, we can define a plane in reference frame O (call it the y-z plane)
in which the electric and magnetic fields lie, as illustrated in Fig. 1 . The x-axis is then defined as the direction perpendicular to this plane. The angle between the applied fields in the y-z plane is θ. We assume here that the characteristic dimensions of any boundary structure of the system are sufficiently large and can be essentially ignored. A physical test particle placed within the electric and magnetic field configuration of Fig. 1 is well known to undergo a drift velocity, v, given by
where B is the magnitude of the magnetic field. Of particular relevance is the fact that this drift velocity is in the direction perpendicular to the applied fields, and is independent of the sign of the particle charge. Thus particles of equal mass but opposite charge (such as electrons and positrons), will drift in the same direction. The hypothesis [38, 39] used to explain the anomalous thrust forces in Refs. [38] [39] [40] [41] postulates that a similar effect should occur with virtual particle/anti-particle pairs of the quantum vacuum, which is viewed as an infinite propellant supply. Consequently, to test this hypothesis, we will focus on the field configuration given in Fig. 1 .
Before proceeding further, it is worth noting that the presence of an applied electric field allows for the possibility of pair production from the vacuum. This pair production rate has been calculated by a number of different authors, and the production rate [1] (per unit volume and time) of spin-1/2 charged pairs, w, is
where q is the magnitude of the elementary charge. The dominant term in this infinite series occurs for k = 1, which gives
Since most experimental electric field values have E < 10 5 V/m (and definitely those used in Refs. [38] [39] [40] [41] ), we find that w is almost exactly equal to zero. Thus pair production is completely irrelevant to the experiments in Refs. [38] [39] [40] [41] , and the vacuum state persists.
In passing, one might wonder whether pair production itself could be a viable means of continuously producing propellant for a future spacecraft, especially since the critical electric field strengths needed to achieve vacuum breakdown are expected to be achieved in a few years [8] . For a thruster operating at steady state, and continuously producing a mass rateṁ of particles, andṁ of anti-particles, the minimum required power input (assuming an ideal power source) to both produce the particles/anti-particles, and then accelerate them to some exhaust speed, v, would be
Here for sake of argument we have assumed that the particle pairs are created at rest and then accelerated using some standard scheme (such as a series of biased electrodes for example) to their final exhaust speed. Thus the approximation used in Eqn. 4 applies, since usually v/c << 1. The thrust generated by expelling the created particles is then, F = 2ṁv, and so the thrust-to-power ratio of such an ideal pair-production thruster is
By comparison, the thrust-to-power ratio of an ideal photon thruster [42, 43] (that is, a propellantless thruster that emits photons/electromagnetic radiation) is equal to
Since v/c << 1, the photon thruster will always have a higher thrust-to-power efficiency than a pair production thruster. Photon thrusters have also been technically demonstrated [44] , and are based on arguably simpler, and more well understood physics. In addition, unless power is beamed to a pair production thruster (or unless solar panels are used to produce the required onboard power), any power source will need to supply the energy to create the particles, and since some percentage of mass is converted into energy in such systems (which is then reconverted back into the mass of the created particles/anti-particles), the effective propellant is in fact the power source itself. The relevance of the above discussion to the present analysis is that pair production represents a sink for input power, and thus should be avoided. Therefore the vacuum state needs to persist, and applied field strengths should be below the threshold values needed for vacuum breakdown.
III. LORENTZ TRANSFORMATION
For the QFT calculation to follow in the next section, the applied electric and magnetic fields in Fig. 1 can more easily be treated if we perform a Lorentz transformation to a different reference frame [45] ,Ō, moving at a speed u (in the x-direction) relative to frame O, as illustrated in Fig. 1 . By choosing the speed of frameŌ correctly, the electric and magnetic fields will appear parallel (or anti-parallel) in this frame (so long as θ = π/2 or 3π/2). In general, the electromagnetic field components, F λσ , in reference frame O, transform into field components,F µν , inŌ according tō
where Λ µ λ is the Lorentz transformation matrix. If we align the co-ordinate axes of frames O andŌ, then the electromagnetic field components parallel to the motion ofŌ remain unchanged (and in this caseĒ x = E x = 0 andB x = B x = 0), while the transverse
B y = γ B y + u c 2 E z (10)
where γ =
, and barred quantities refer to the fields in frameŌ, while unbarred quantities refer to the fields in frame O. Requiring that the electric and magnetic fields be parallel inŌ then implies thatĒ
which can be simplified using Eqns. 8-11 to give
But E × B = (E y B z − E z B y )î, and thus in general we have
Therefore, for given electric and magnetic fields in O, we can find the velocity ofŌ needed to give parallel fields in this frame.
We now, without loss of generality, align the y-axis of frameŌ with the co-linear electric and magnetic fields. It is at this point that we encounter the first indication of a null answer to the question posed in the introduction. Because there is no preferred reference frame for the quantum vacuum (nor does it even have a rest frame), any force observed to be produced in O, must also be observed inŌ. However, relative toŌ, there is a symmetry about the parallel fields, and thus no net force is expected. The only way that such an observation can be reconciled with any apparent force observations made in O, is if the net force in O is also zero. In the next section we formally confirm this using a QFT calculation.
IV. CHARGED SCALAR FIELD
A. Calculation of the quantum field
As an example QFT calculation, we consider a charged scalar field interacting with a classical external electromagnetic potential. We set and c equal to 1, assume a flat space-time with metric signature (1, −1, −1, −1), and choose a gauge with a 4-potential given by A µ = (0, −Bz, −Et, 0). The electric and magnetic fields (we now drop the barred notation for convenience) are then
The Klein-Gordon equation, coupled to a electromagnetic potential, is
where ψ = ψ(t, x) (and ψ † = ψ † (t, x)) is the scalar quantum field. With the particular co-linear electromagnetic field configuration, and the choice of gauge made above, Eqn. 17
can be written as
We then perform a separation of variables, assuming solutions of the form, ψ(t, x) = φ(t)χ(z)e i(kxx+kyy) , which reduces Eqn. 18 into the two separated equa-
where β is a constant. These equations can be written in the form
where ξ = 1 qB
, and a = − (m 2 +β)
2qE
. Bounded solutions to Eqn. 22 exist only for discrete values of K (and therefore β), and are given by the associated Hermite polynomials [46] 
for β n = (2n + 1) qB. Two independent solutions (φ and φ * ) to Eqn. 21 are given in terms of the parabolic cylinder functions [47] φ n = 1
(24)
where δ = arg Γ 1 2
+ ia n and a n = − (m 2 +βn)
. We note in passing that the above results are similar to those obtained in Ref. [15] , where the pair production rate in the presence of co-linear electric and magnetic fields was calculated.
B. Quantization of the quantum fields
Using the separable solutions found in the section above, we now expand the fields in terms of annihilation and creation operators [2] to give the general solution as
and
where a k and a † k are annihilation and creation operators for particles, and b k and b † k are annihilation and creation operators for anti-particles. Here the subscript k labels the states (k x , k y , n). We then have the vacuum states defined by 0 | a † k = a k |0 = 0, and
For a charged scalar field interacting with an electromagnetic potential, the conjugate field momentum [2] is
where the second term is zero because of the choice of gauge (which has A 0 = 0). To quantize the fields, we now impose the equal-time commutation relations
with all other commutators equal to zero. We also postulate the following commutation relations for the annihilation and creation operators
with all other commutation relations again being equal to zero. Then, after simplifying, the left-hand side of Eqn. 29 becomes
We notice that the term in square brackets is also equal to the definition of the Wronskian of the functions φ * n and φ n , from which we have the following identity [47] for the parabolic cylinder functions
Noting that
, and that from Section IV A above we have dτ dt = √ 2qE, the term in square brackets in Eqn. 32 reduces to i. For the associated Hermite polynomials we make use of the completeness relation [48] 
Again, from Section IV A, we remember that ξ = 1 qB
. Then using the identity [49] :
, we have
Finally, using the well known identity [46] 
Eqn. 32 reduces to
as required.
C. Linear momentum operator and conserved current
With the quantum fields now known, we can begin to calculate some important vacuum expectation values to see if a zero-point momentum, or a net current exists. The linear momentum operator is given by [2]
and we are interested in the vacuum expectation value: 0| P j |0 . We begin with P x .
Using Eqns. 26, 27 , and the definition of the vacuum states, we can obtain
Then making use of Eqn. 31 and simplifying, we obtain 0| P x |0 = 0. Similarly we find 0| P y |0 = 0. For 0| P z |0 the calculation is slightly more complicated, and after a similar procedure to that used above, we have
Remembering that k x appears only in the terms dχn dz and χ n , we focus now on the integral:
(k x + qBz), this integral can be written
Here the integration limits are zero in the last step because χ n → 0 ask x → ∞. Thus 0| P z |0 = 0, and therefore we have the result that the zero-point momentum of the field is exactly zero. Consider now the conserved current [2] , which is given by
Proceeding to calculate the vacuum expectation values using a similar procedure to that for the linear momentum operator, we easily find that 0| J z |0 = 0. The calculations for 0| J x |0 = 0 and 0| J y |0 = 0 are again slightly more complicated. Consider the
(k x + qBz), we can write the dk x integral as
However, because the integrand is asymmetric over the integration range, this integral is equal to 0. Thus we have 0| J x |0 = 0. Similarly (noting that φ n φ * n = |φ n | 2 ), 0| J y |0 = 0. Thus the conserved current is also identically zero. The above QFT analysis therefore confirms the zero net force argument given at the end of Section III.
V. CONCLUSIONS
In the analysis above we have investigated the possibility of using the quantum vacuum as a reaction medium with which to generate thrust for a future spacecraft. This has primarily been motivated by recent hypotheses which attempt to explain the anomalous experimental force measurements in Refs. [38] [39] [40] [41] as an interaction with virtual particles of the vacuum.
However, from an argument based on Lorentz invariance, as well as a formal quantum field theory calculation, we have shown that the zero-point momentum and the conserved current of the field are zero. The quantum vacuum does not appear to be a feasible medium with which to generate a net force or extract a net momentum with the configurations investigated. In addition, based on a simple discussion comparing the performance of a pair production thruster to that of a photon thruster, we find that pair production is unlikely to be a useful mechanism to continuously generate propellant.
For the analysis in the present work we have made use of a Lorentz transformation to simplify the resulting QFT equations. This relies on the use of the assumption of homogeneous electric and magnetic fields. If there is a spatial variation, then this argument cannot be used so simply, because in this case there is no single reference frame in which the fields now appear co-linear everywhere. In the context of pair production, such situations have required numerical calculations to solve the resulting equations [19] . It seems unlikely though that spatial variations alone would produce a net force. Although the extraction of a net momentum has been postulated in inhomogeneous vacuums [35] (due to a different mechanism than that discussed in this paper), the effect was found to immeasurably small, and it remains unclear whether this small non-zero value is an artefact of the field regularization techniques used. Regardless though, if a continuous net force is indeed being produced in the experiments in Refs. [38] [39] [40] [41] , one might expect that this should also imply an anomalously high power loss from the electric circuits of the thruster device. This power loss would be in addition to any standard power losses associated with such things as: ohmic heating, eddy current losses, dielectric and ferrite heating, radiation losses, etc. Consequently, a dedicated effort to isolate known power losses from the total input power of the device should identify any additional anomalous losses. 
